Guided by theoretical predictions, we have demonstrated experimentally the existence of negative refraction on the two lowest acoustic-branch passbands (shear and longitudinal modes) of a simple two-dimensional phononic crystal consisting of an isotropic stiff (aluminum) matrix and square-patterned isotropic compliant (PMMA) circular inclusions. At frequencies and wave vectors where the refraction on the acoustic-branch passbands is negative, the effective mass-density and the effective stiffness tensors of the crystal are positive-definite, and this is an inherent property of such phononic crystals. The equi-frequency contours and energy flux vectors as fuctions of the phase-vector components, reveal a rich body of refractive properties that can be exploited to realize, for example, beam splitting, focusing, and frequency filtration on the lowest passbands of the crystal where the dissipation is minimum. By proper selection of material and geometric parameters these phenomena can be realized at remarkably low frequencies (large wave lengths) using rather small simple two-phase unit cells. Introduction: Photonic composites consisting of a periodic arrangement of split-ring resonators and wires display negative refraction on their optical branch and possess frequencydependent simultaneously negative effective dielectric permittivity, ef f (ω), and magnetic permeability, µ ef f (ω), [1, 2] . Composites of this kind have become known as "left-handed" or "meta-materials".
Introduction: Photonic composites consisting of a periodic arrangement of split-ring resonators and wires display negative refraction on their optical branch and possess frequencydependent simultaneously negative effective dielectric permittivity, ef f (ω), and magnetic permeability, µ ef f (ω), [1, 2] . Composites of this kind have become known as "left-handed" or "meta-materials".
Similarly periodic elastic composites consisting of periodically distributed elastic inclusions in an elastic matrix exhibit band structure [3] , negative refraction [4] , and effective properties that are frequency-dependent [5] . Early experimental demonstrations of negative refraction and focusing properties of phononic crystals have employed water as the matrix material, within which stiff inclusions are periodically distributed, revealing negative refraction on the second (optical branch) passband [6, 7, 8] . Phononic crystals of this kind can transmit dilatational waves only, since their matrix material lacks shear resistance. Hence their acoustic branch contains only one (dilatational) passband involving positive refraction only. It is known that photonic and phononic crystals with anisotropic constituents can display negative refraction on their acoustic branch [9, 5] , but this has not been demonstrated experimentally. We point out that, using numerical simulations, negative refraction has been shown [10] to be possible on a narrow region of the acoustic branch of a photonic crystal consisting of circular holes placed in a square-lattice pattern within a homogeneous and isotropic dielectric matrix. By interfacing the crystal with air along its (11)-direction, it is shown theoretically that negative refraction can occur in a narrow frequency at the far edges of the first passband.
In this paper we show theoretically and demonstrate experimentally that a two-dimensional phononic crystal consisting of an isotropic stiff (aluminum) matrix and square-patterned embedded isotropic compliant (PMMA) circular inclusions does display negative refraction over a broad region on its acoustic branch for both shear and longitudinal modes. Interestingly, our theoretical predictions and preliminary experimental results show that if a compliant (PMMA) material is used for the matrix (instead of aluminum) and stiff (aluminum) material for inclusions, then only the longitudinal mode of the acoustic branch would display negative refraction. We have followed this by a series of band-structure and associated energy-flux calculations using various material properties for the matrix and inclusions. It turns out that, for negative refraction to occur on the first (shear mode) passband, the stiffness of the matrix material must be considerably greater than that of the inclusions. The existence of large Poisson's ratios does enlarge the region of negative refraction in the phase-space, but does not appear to be essential for the existence of such region. Similarly, the values of the mass-density do influence this phenomenon but only quantitatively. As should be expected, for very small Poisson's ratios, the results obtained using plane stress or plane strain would be essentially the same, but not for large values of the Poisson ratios. In either case negative refraction is shown to be an integral part of the acoustic branch of phononic crystals. The presence of negative and positive refractions on the acoustic-branch passbands allows one to focus, filter, and split multifrequency beams at very low frequencies with many potential applications.
Sample Properties: The sample is a simple doubly periodic elastic composite composed of 10 mm square aluminum unit cells, each containing a central 4.46 mm diameter circular PMMA inclusion. The material properties are:
where E M j and E I j , j = 1, 2, are the elastic moduli of the matrix and inclusions respectively, with the corresponding Poisson ratios and mass densities being denoted by ν M , ν I and ρ M , ρ I .
Here the focus is on the acoustic branch which, in two dimensional elastic phononics, includes two passbands, one (the lowest passband) is shear mode and the other is longitudinal mode. For the material properties given above, the equi-frequency contours accompanied by the energy flux vectors, the variation of the shear-and longitudinal-mode frequency along the Γ, X, M, Γ lines, and the frequency surfaces of the acoustic-branch passbands are shown in Figure 1 , where ω is the frequency and c 0 is the corresponding wave-speed in the wedge. This fact is reflected in the calculation of the group-velocity and energy-flux directions for the shear mode but, for the longitudinal mode, an average Q 1 = k 1 a 1 = 2.25 is used. For the shear mode, the plane-stress and plane-strain cases yield similar results, but not for the longitudinal mode. It turns out that the plane stress results closely follow the experimental data as discussed above.
Remarkably, the effective compliance (inverse of stiffness) and the effective mass-density tensors are both positive-definite for positive and negative refraction angles, as shown in Figure 6 . In two dimensional elasticity, the components of the effective compliance tensor, D ef f ijkl , can be represented by a 3 × 3 matrix and the mass-density by a 2 × 2 diagonal matrix. For the effective compliance tensor to be positive-definite, its eigenvalues, D III , must all be positive. In Figure 6 we have presented the normalized effective massdensities and the normalized eigenvalues of the effective compliance matrix as functions of the frequency, where, for normalization, the elements of each array is divided by its own largest (positive) element. As is seen these effective properties are strictly positive over the entire considered frequency range corresponding to the results shown in Figures 4(Left) and 
5(Left).
At first this may appear surprising since a counterpart does not exist for two-dimensional photonic crystals, nor for phononic crystals in anti-plane shearing, where negative refraction on the acoustic branch can be realized only if we use an anisotropic matrix material [9, 5] . The EM properties of an isotropic material are completely defined by an electric permittivity, , and a magnetic permeability, µ. In two dimensional isotropic elasticity, on the other hand, in addition to the mass-density ρ, there are two elastic constants, the shear modulus µ, and Poisson's ratio ν, forming a 3 × 3 matrix, The periodically embedded inclusions in such an isotropic elastic slab results in in-plane wave-dispersion and produces band structure for Bloch-form periodic waves. The corresponding acoustic branch will always include a shear and a longitudinal passband, both of which can display negative refraction. In contrast, the acoustic branch of a two-dimensional phononic crystals in anti-plane shear (SH) mode, or photonic crystals in transverse electric (TE) or transverse magnetic (TM) mode, has only one passband with only positive refraction if the constituents of the crystal are isotropic.
The fact that an incident plane shear or longitudinal wave can be refracted at positive or negative angles depending on the frequency, allows for splitting a multifrequency plane waves. For example, consider two plane shear-waves that are transmitted through a homogeneous aluminum wedge at a θ 0 = 45 o incident angle with respect to its interface with the composite, one at frequency ω 1 = 105kHz and the other at frequency ω 2 = 115kHz. Field Equations and Periodic Solution: Considered is a doubly periodic elastic composite composed of rectangular unit cells of dimensions a 1 , a 2 . A typical unit cell, Ω, includes a concentric inclusions, Ω 1 . For Bloch-form time-harmonic waves of frequency ω, the field variables are all proportional to e −iωt which can be incorporated into the field equations,
where comma followed by an index denotes differentiation with respect to the corresponding coordinate, ρ is the mass density, D ljmn = D mnlj is the elastic compliance tensor, and
Here the superimposed p stands for the periodic part. The geometry, the mass-density, and the elastic compliance are periodic with the periodicity of the unit cell. For both plane strain and plane stress problems, the nonzero components of the compliance tensor, D,
are defined in equations 1.
To calculate the frequency passbands of the crystal, subject to the Bloch periodicity condition, express the periodic part of the field variables as follows:
Now substitute these expressions into equations 3, then the results into equations 2, multiply each resulting equation by e −i2π(
) and integrate over the unit cell obtain, ] dx 1 dx 2 ,
and Λ D = Λ D 11 + Λ D 22 − 2Λ D 12 . Eliminating S 12 in equations (6), we obtain,
D ef f 21
we obtian,
where 2µ ef f = (D ef f 33 ) −1 , and the eigenvalues are the roots of equation (19).
